ON THE CENTER OF A COXETER GROUP 



TETSUYA HOSAKA 



Abstract. In this paper, we show that the center of every Cox- 
etcr group is finite and isomorphic to (Z2)" for some n > 0. More- 
over, for a Coxeter system (VF, S), we prove that Z{W) = Z{Wg\^g) 
and Z{Wg) = 1, where Z{W) is the center of the Coxeter group 
W and S is the subset of S such that the parabohc subgroup Wg is 
the essential parabolic subgroup of (W, S) (i.e. Wg is the minimum 
parabohc subgroup of finite index in (W, S)). The finiteness of the 
center of a Coxeter group imphes that a sphtting theorem holds 
for Coxeter groups. 

1. Introduction and preliminaries 

In this paper, we investigate the center of a Coxeter group. A Coxeter 
group is a group W having a presentation 

( 5 I = lioT s,te S), 

where is a finite set and m : S x S ^ NU {00} is a function satisfying 
the following conditions: 

(1) m(s, t) = m{t, s) for each s,t & S, 

(2) m{s, s) = 1 for each s E S, and 

(3) m(s, t) > 2 for each s,t E S such that s t. 

The pair {W, S) is called a Coxeter system. Let {W, S) be a Coxeter 
system. For a subset T C S, Wt is defined as the subgroup of W 
generated by T, and called a parabolic subgroup. It is known that 
(Wt,T) is also a Coxeter system (cf. ^ and [9 ). A subset T C is 
called a spherical subset of S", if the parabolic subgroup Wt is finite. 
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The purpose of this paper is to prove the following theorems. 

Theorem 1.1. The center of every Coxeter group is finite and isomor- 
phic to (Z2)" for some n>Q. 

A Coxeter system (VF, S) is said to be irreducible, if for any nonempty 
and proper subset T oi S,W does not decompose as the direct product 
of Wt and Ws\t- 

Let {W, S) be a Coxeter system. Then there exists a unique decom- 
position {Si, . . . , Sr} of S such that W is the direct product of the 
parabolic subgroups Ws^-, ■ ■ ■ , Ws^ and each Coxeter system {Ws^, Si) 
is irreducible (cf. [Tj and P). We define S = [j{Si\ Ws^ is infinite}, 
and the parabolic subgroup Wg is called the essential parabolic sub- 
group of {W,S). We note that W = Wg x Wg^^^ and Wg^^g is finite. 
In jU], it was proved that the essential parabolic subgroup Wg is the 
minimum parabolic subgroup of finite index in {W, S). 

We denote the center of a group G by Z{G). 

We also prove the following theorem in Section 2. 

Theorem 1.2. For a Coxeter system (W,S), Z(W) = Z{Wg\^g) and 
Z{Wg) = l. 

For an irreducible Coxeter system {W, S), ifW is infinite, then W = 
Wg. Hence Theorem 11.21 implies the following. 

Corollary 1.3. For an irreducible Coxeter system {W,S), if the Cox- 
eter group W is infinite, then the center ofW is trivial. 

In 0, we have obtained some splitting theorems for CAT(O) groups 
whose centers are finite. Theorem 11.11 and jS, Theorem 2] implies the 
following splitting theorem for Coxeter groups. 

Corollary 1.4. Let (W, S) be a Coxeter system and let W = Ws^ x 
Ws2- Suppose that the Coxeter group W acts geometrically on a 
CAT(O) space X. Then there exists a closed, convex, W -invariant, 
quasi-dense subspace X' G X such that X' splits as a product Xi x X2 
and the action of W = Wg-^ x Wg^ on X' = Xi x X2 is the product 
action. 

By |2l Lemma II. 6. 24], we also can obtain the following corollary. 

Corollary 1.5. Suppose that a Coxeter group W = Ws-^ x acts 
geometrically on a CAT(O) space X. Then Ws^ and (ire convex- 
cocompact. 
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Here the definition and some properties of convex- cocompactn ess is 
found in and . We note tliat "geometrically finiteness" in [S] and 
"convex-cocompactness" in coincide. 

2. Proof of the main theorems 

Let (W, S) be a Coxeter system and w G W. A representation w = 
si - ■ ■ si (sj G 5") is said to be reduced, if i{w) = I, where i{w) is the 
minimum length of word in S which represents w. 

The following lemmas are known. 

Lemma 2.1 (PP). Let {W, S) be a Coxeter system. Suppose that W is 
finite. Then there exists a unique element Wq & W of longest length, 
and for each w G W , £{wow) = i{wo) — i{w). In particular, = 1. 

Lemma 2.2 ([T], jH Lemma 7.11]). Let {W,S) be a Coxeter system, let 
T C S and let w G Wt- Then the following statements are equivalent. 

(1) Wt is finite and w is the element of longest length in Wt. 

(2) i{wt) < i{w) for each t G T. 

Using lemmas above, we prove the following main theorem. 

Theorem 2.3. Let [W, S) be a Coxeter system and let Z{W) be the 
center of W . 

(1) For each w G Z(W), there exists a spherical subset T of S such 
that w is the element of longest length in Wt- 

(2) = 1 for any w G Z{W). 

(3) Z{W) IS finite. 

(4) Z{W) is isomorphic to (Z2)" for some n > 0. 

(5) Z{W) = Z{Ws\s)- 

(6) Z(Wg) is trivial. 

Proof. Let {W, S) be a Coxeter system and let Z{W) be the center of 
W. 

(1) Let w G Z(W) and let w = si ■ ■ ■ s/ be a reduced representation. 
Then wsi = siw, since w G Z(W). Hence 

WSi = SiW = Si(SiS2 ■ ■ ■ Si) = S2 - ■ ■ Si. 

Thus i(wsi) < i{w) and w = {s2 - ■ ■ Si)si is reduced. Since w G Z(W), 
WS2 = S2W. Hence 

WS2 = S2W = S2((S2S3 • • ■ Si)si) = (ss ■ ■ ■ Si)si. 
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Thus i{ws2) < i{w) and w = {s^ ■ ■ ■ si)siS2 is reduced. By iterating 
the above argument, we obtain that i{wsi) < i{w) for each i = 1, . . . ,1. 
Let T = {si, . . . , si}. By Lemma EUl Wt is finite and w is the element 
of longest length in Wt- 

(2) By (1) and Lemma f2.H we have that = 1 for any w G Z{W). 

(3) For a spherical subset T, let wt be the element of longest length 
in Wt. By (1), 

Z{W) C {wt I T is a spherical subset of 5"}, 

which is finite, since S is finite. Hence the center Z{W) is finite. 

(4) We note that w"^ = 1 for any w G Z(W) by (2) and vw = wv 
for any v,w & Z(W) because Z(W) is the center. Thus Z(W) is 
isomorphic to (1^2)"' for some n > 0. 

(5) Let w G Z(W), let w = Si ■■■ si he a. reduced representation and 
let T = {si, . . . , si}. Then w is the element of longest length in Wt by 
(1). Let s E S \ T. Then sw = ws, since w G Z(W). Hence sws = w 
and s(si ■ ■ ■ si)s = si - ■ ■ si. Here we note that s ^ T = {si, ■ ■ ■ , si}. 
By Tits's theorem in (TU] and j3 P-50], ssi = SiS for each i = 1, . . . J. 
This means that st = ts for any t & T and s G S \T. Hence W 
splits as the product W = Wt x Ws\t- Since VFt is finite, T C S \ S 
by the definition of S. Hence w G Wt C. Wg\^g for each G Z{W). 
Thus C 14/5^5. We note that W = W^ x Ws\s and = 
^(W^) X Z{Ws\^s)- Therefore Z{W) = Z{Ws\s)- 

(6) We can obtain that Z{Wg) is trivial from (5). □ 

References 

[1] N. Bourbaki, Groupes et Algebres de Lie, Chapters IV- VI, Masson, Paris, 
1981. 

[2] M.R. Bridson and A. Haefliger, Metric spaces of non-positive curvature, 

Springer- Verlag, Berlin, 1999. 
[3] K.S. Brown, Buildings, Springer- Verlag, 1980. 

[4] M.W. Davis, Groups generated by reflections and aspherical manifolds not 

covered by Euclidean space, Ann. of Math. 117 (1983), 293-324. 
[5] T. Hosaka, Limit sets of geometrically finite groups acting on Busemann 

spaces. Topology Appl. 122 (2002), 565-580. 
[6] T. Hosaka, Parabolic subgroups of finite index in Coxeter groups, J. Pure 

Appl. Algebra 169 (2002), 215-227. 
[7] T. Hosaka, The interior of the limit set of groups, Houston J. Math. 30 

(2004), 705-721. 



4 



[8] T. Hosaka, On splitting theorems for CAT(O) spaces and compact geodesic 

spaces of non-positive curvature, preprint. 
[9] J.E. Humphreys, Reflection groups and Coxeter groups, Cambridge University 

Press, 1990. 

[10] J. Tits, Le problerne des mots dans les groupes de Coxeter, Symposia Math- 
ematica, vol. 1, pp. 175-185, Academic Press, London, 1969. 

Department of Mathematics, Utsunomiya University, Utsunomiya, 
321-8505, Japan 

E-mail address: hosaka@cc.utsunoiiiiya-u.ac.jp 



5 



